We prove that each dosed connected 3-manifold admits particular crystallizations with nice properties. As a consequence all 3-manifolds can be represented by a positive integer b and a fixed-point-free involutory permutation on Z b x Z 6. Other 3-manifold representations are also obtained. Finally, a family of dosed connected 3-manifolds is studied.
18
A. Cavicchioli set of its 0-simplexes (vertices) has cardinality n + 1. A contracted triangulation of a polyhedron P is a pair (K, f), where K is a contracted pseudocomplex and f: IKI--~ P is a homeomorphism.
Given an (n + 1)-coloured graph (F, T), the associated pseudocomplex K(F) is defined by the following rules:
(1) Take an n-simplex tr"(v), for each v ~ V(F) and label its vertices by A,,; (2) If v, w ~ V(F) are joined by an i-coloured edge, then identify the (n-1)-faces of o'"(v) and tr"(w) opposite to the vertices labelled by i, so that equally labelled vertices are identified.
• The graph (F, 3') will be said to represent IK(F)[ and every homeomorphic space. A contracted graph representing a closed connected n-manifold M is said to be a crystallization of M. Every dosed connected n-manifold M admits a crystallization [13] . For a general survey on crystallizations see [5] .
Recall now some definitions listed in [2] . Let (F, 3") be a 4-coloured graph with colour set A 3 and let Ek(F) be the set of all k-coloured edges of F (ke A3). Each dosed connected 3-manifold M admits a (0, 1, 2)-normal crystallization (see [2] ).
Edge-augmented graphs and dipoles
Let (F, V) be a 4-coloured graph, ff (i, j, h, k) is an arbitrary permutation of A 3, let a, /3 be two edges of a connected component Cij of F such that 7(a)= i, 3'(/3) = J. A 4-coloured graph (F", ~/") is said to be obtained from (F, ~/) by adding a dipole 0 through a and/3 if it is obtained from (F, 7) in the following way:
(a) Delete a and/3; if C', C" are the two components into which Cij splits, let a(0), /3(0) be the vertices of C' and a(1), /3(1) those of C". 1 (b) Add two distinct vertices x, y not belonging to V(F) and join them by two distinct edges coloured by the colours h, k.
(c) Join x with a(0), y with a(1) by an i-coloured edge and join x with/3(0), y with /3(1) by a j-coloured edge. Note that, if (F, 7) is a crystallization of a 3-manifold M, the graph (F", ~/") previously defined is again a crystallization of M since it is obtained from (F, ~/) by adding a dipole of type 2 (see [4] ). This definition, introduced in [2] , is included to make the reading of the next propositions dear. We shall also need a new move on (F, 7) which is not defined in the quoted papers. If (i, j, h, k) is an arbitrary permutation of A3, let a, /3 be two i-coloured edges of a connected component C~i of F and let 6 be the h-coloured edge incident to /3(0). Suppose that a, /3 do not belong to the same {i, k}-coloured connected component of F. We define a 4-coloured graph (F', ~'), called the edge-augmented graph of (F, 7) through the triple (a,/3, 8) , by the following rules (see Fig. 1 .):
(1) Delete a,/3, & Let Co, C1 be the two components into which Cij splits such that a(0), /3(0)= 8(0) (resp. a(1), /3(1)) are the end-points of Co (resp. C0. 
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3-maniiold representations
Recall that each closed connected 3-manifold M admits a (0, 1, 2)-normal crystallization ( [2, Proposition 10] ). This allows a representation of M by a triple (n, ~, r), where n is a positive integer, ~t = {ha -• " • -hg} a partition of n and • a fixed-point-free involutory permutation on N4, ( [2, Proposition 12] ). In the present section we improve these statements by making use of the concept of edge-augmented graph previously introduced.
Proposition 2. Let M be a closed connected 3-manifold. (a) M admits a (0, 1,2)-normal crystallization (F, 7) such that #V(C~)= #V(C i) = 2h~, for each i, j ~ N~ (i~ ]), C ~ (or C ~) and g respectively being an internal component of F~o,a~ and the Heegaard genus of M. (b) M admits a (0, 1, 2)-normal crystallization (f', ;/) such that #V(C ~) = 4, for each i ~ Nk, C~ and k being an internal component of [-'~o,1~ and a suitable positive integer respectively.
Let ~d, be the set of the (0, 1, 2)-normal graphs of order 4n satisfying the property (b) of proposition 2 and let ~k be the set of pairs (k, T), where k is a positive integer and ~ is a fixed-point-free involutory permutation on Nak.
Proposition 3. For every positive integer k, there exists a bijection Ok between ~J2k
and ~k.
We can restate Proposition 3 in the following way: We show in Fig. 3 a (0, 1, 2 )-normal crystallization of the lens space L(5, 1), which satisfies the property (b) of Proposition 2. (For the lens space see [10] .) A standard crystallization of the lens space L(p, q) (see also [3] ) can be constructed 
Lin.c.---Mandel crystallizations
Recently Lins and Mandel have defined a 4-parameter family of connected closed 3-manifolds, which includes the lens spaces (see [12] ). Initially they introduce a 4-coloured graph, written S°(b, l, t, c), whose vertices are the elements of Zb × Z2t. To define the coloured edges they use four fixed-point-free involutions on Zb×Z21:,rr(i,j)=(i,j--(--1)i); e(i,j)=(i,j+(--1)J) ; v(i,j)=(i+w(j), 1 --j) and tx (i, j) = (i + c/~ (j -t), 1 -j + 2t), where the arithmetics is mod b (resp. mod 2l) in the first (resp. second) coordinate. Also the arguments of ~ are between 1 and 21:/~(j)= 1 ff l<~j<~l or tx(j)=-I ff l+l<-j<-21. To define a 4-coloured graph just interpret the involutions also as coloured edges, that is, if X ~ {It, e, v, a}, link vertices a and a' with an edge of colour X if a'= x(a). Each SO(b, l, t, c) is proved to be a crystallization of a closed connected 3-manifold, whenever (b, c) = 1, (t, l)= 1 and l odd implies c =(-1) ~ (see [12] ). The lens spaces are obtained when b = 2. In this section we prove that each closed connected 3-manifold admits a crystallization in which three colours are induced by the involutions 7r, e, v just defined. Thus such a crystallization will be called a Lins-Mandel crystallization. This again allows a representation of all 3-manifolds with Heegaard genus g by means of a positive integer l and a fixed-point-free involutory permutation on Zb ×Z2~ (where b--g+ 1). In order to state our theorems, we need the following definition. In this case (F, ~/) will be denoted by 5¢(b, (where 7r, e, v are just the fixedintroduced). described by some fixed-point-free l, or*).
Proposition 4. Every closed connected 3-manifold M admits a Lins-Mandel crystallization ~(b, l, a*), where b = g + 1 and g is the Heegaard genus of M.
Proof. Let (~, ~) be a (0, 1, 2)-normal crystallization with base component 1~01 representing M. Since the standard crystallization of a lens space [3] is just a Lins-Mandel crystallization, we can assume the Heegaard genus of M greater than one. By definition, there exists an ordering C 1, C2,..., C g (g being the Heegaard genus of M) of the internal components of -~to,x~ and an ordering (t31 1, z3~,..., v2hl,-1. 132, z32,.. •, vzh2,-2.... ," fi~, z3~, ..., fi~%) of V(C01) inducing one of the orientations of the cycle Cox such that:
(1) the vertices of C s are 2-consecutive (s ~Ng); v2a~Yo, joining C 1 with t~ 2 (see Fig. 4 ). Let ~2 be the set of all 2-coloured edges joining t~ 2 with D2 i~2 3 3 Col. Add a dipole 01 through the edges 2h2 2h2, V2h3/91 and let y3, x 3 be the vertices spanning 01. Then repeat this process to obtain dipoles 02,..., 02h~, (ylxl, .. 5 ). corresponding vertices v2a~, ..., ..., Going on like this for all the connected components of the ordered sequence t~ 3, ca,..., C g, we get a new crystallization (F, #) with nice properties (see Fig. 6 ). There exists an ordering T 1, T2,..., T g÷l of all the connected components of /~(o,x~ such that:
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(1) T 1 is joined with T 2 (resp. T ~÷1) by exactly one 2-coloured edge v2a~YoX 2
].
(resp. by 2hx-1 2-coloured edges v~v~,..., 2~-1 2h~-X~, ~=2 h~ + 1 (resp. 2 ~.;=2 h~ + 1) 2-coloured edges between (2) there are exactly 2 ,-1 T ~, T "-1 (resp. T', T ~+~) (r = 2,..., g); (3) there are no 2-coloured edges between T °, T" with [p-ql ~ 1.
Starting from (/~, ~/) and by making use of the edge-augmented graph construction (compare Proposition 2), we can easily obtain a final crystallization (F, V) of M whose shape can be geometrically described as follows (see Fig. 6 ). It consists of g + 1 connected components coloured 0 and 1, cyclically set in the plane and numbered 1, 2,..., g + 1. There are l = 2 ~=2 hj + 12-coloured links between two successive connected components of F(o.n. There are no 2-coloured edges between two non-consecutive components of Fto.n. The unknown maps c, t: Zb × Z2z--> Z are respectively solutions of these func-tional equations
c(i,])+c(i+c(i,]), 1-]+2t(i,]))=O, -t(i, ])+ t(i + c.(i, ]), 1-] + 2t(i, ])) = 0.
This expression for a* extends the formula which defines a in 5¢(b, l, t, c).
A Lins-Mandel crystallization 57(3, 9, a*) of the spherical dodecahedral space is illustrated in Fig. 7 .
Normalizing a Lins-Mandel crystalli~,ation
In [4] two equivalent sets of crystallization moves are described and it is proved that any two crystallizations of the same manifold are related by a finite sequence of such moves. In this section we get Lins-Mandel crystallizations of a 3-manifold with particular properties by only using one of these move types. This allows a representation of all 3-manifolds by a positive integer b and a fixed-point-free involutory permutation on Z~ × Z6. (1) C ~ and C ~+x (resp. C ~ and C ~-1) are linked by exactly l 2-coloured edges for each r ~ Na -{s -1, s}. 
A family of dosed connected 3-manifolds
In this section we investigate in more detail the family of 4-coloured graphs ~(b, l, t, 3") constructed by using the involutions ~r, e, v of Section 4 and the following fixed-point-free involution on Zb x Z2t" 
